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Abstract

‘We consider the quantization of a complex manifold endowed with the Bergman form following
the ideas of Cahen, Gutt and Rawnsley. In particular we give a geometric interpretation for the
quantization to be regular in terms of the Hilbert space of square integrable holomorphic n-forms
on M and the Hilbert space of holomorphic n-forms on M bounded with respect to the Liouville
element. © 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Preliminaries

A geometric quantization of a Kdhler manifold (M, ) is a pair (L, h), where L is a
holomorphic line bundle over M and 4 is a hermitian structure on L such that curv(L, h) =
—2miw. The curvature curv(L, k) is calculated with respect to the Chern connection. If
o : U — L7 is a trivializing holomorphic section (where L™ denotes the complement of
the zero section in L) then the following formula holds:

curv(L, h) = —8d logh(o (x), o (x)). 1)

Let (sg, ..., sn§) (N < 00) be a unitary basis of the separable complex Hilbert space Hj,
of all global holomorphic sections s of L, which are bounded with respect to the Liouville
element defined by
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" (x)

n!

(s, ) = lIs|2 = / h(s(x), 5(x))

M
(see [2-5]). Define the smooth function on M by

N
e m () =Y h(s;(x), 5;(0)). 2)

j=0

Assuming that for all x € M there exists s € Hj, such that s(x) is different from zero
one can define the map

b U = CV*I\ {0} 1 x > (s‘)(x) . SN(x)) , 3)

o(x) " o(x)

where o : U — L7 is a trivializing holomorphic section on an open set U C M. It follows
easily that (3) is the local expression of a globally defined map ¢, 4 : M — PV (C). This
is called the coherent states map.

Theorem 1 [2]. The coherent states map is full, i.e. ¢ (M) is not contained in P (C) with
r < N. Furthermore

i -
¢2(L,h)‘91]'ys =w+ Eaa log e ny. @

Corollary 1. Let (L, h) be a quantization of a Kihler manifold (M, w). If €1 py is a
positive constant, then w is projectively induced.

Recall that a Kihler form @ on a complex manifold M is projectively induced if there
exists N < 0o and a holomorphic map

é: M — PNO)
such that
P*2N = w. 5)

In the proof of Theorem 3 we need

Theorem 2 (cf. [6]). Let N, N ' < 00. Let M be a complex manifold, ¢ : M — PN ()
and ¥ : M - PN (0) ﬁtll holomorphic maps such that ¢*911‘?VS = 1//*92’5 is a Kdhler
formon M. Then N = N and there exists a unitary transformation U of PN (C) such that

¢=Ucq.

2. The results

Let M be an n-dimensional complex manifold and K its canonical bundle. If « is a
holomorphic section of K, i.e. a holomorphic n-form on M then in a complex coordinate
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system U, endowed with local coordinates (z1, . . ., z,,), there exists a holomorphic function
fo such that

(2) = fu(@dzuyA---Adz, Yz eU. (6)

Let (ap,...,ay) (N "< 00) be a unitary basis for the separable complex Hilbert
space (F, (-, -)) of all holomorphic n-forms o bounded with respect to ||«||? = (a, @) :=
/2" f, @ A@. Let K* be the smooth function on U given by

!

N
K* 2.0 =) fo; () fo; @) )

j=0

The expression 33 log K * does not depend on the coordinates. Hence wg = (i/27)3 log K*
is a globally defined two-form on M. In the sequel we will suppose wp is a Kéhler form .
For example this happens for the bounded domains in CV (see [7] for details).
Formula
[fal?
K*

h(e, @) := Yo € HY(K) (®)

defines a hermitian structure on K and it is immediate to verify that the pair (K, h) is a
geometric quantization for (M, wpg).
Furthermore it follows from (2) that

N
e = Y _1fy /K", )
Jj=0

where s; = f;; dzi A--- A dzp, j =0,..., N, is a unitary basis for (Hp, (-, - )a).

Theorem 3. Let M be a complex manifold such that wp is a Kahler form. Then € p)
equals a positive constant ) if and only if the following conditions are satisified:
(i) the complex dimension of F is equal to the complex dimension of Hy;

(11) (‘9 ‘) = )"< N )h'

Proof. Suppose that dimH, = dimF = N + 1l and (-, - ), = A(., ). Let o; and s},
Jj =0,1,...N, be unitary bases for (F, (-, -)) and (Hy, (-, - )3), respectively. Then
there exist an (N + 1) X (N + 1) unitary matrix u; and a complex number C such that

N
fy=C> ujifu, Jj=0,....N, (10
k=0

and |C|? = 1. Hence, by (9),

N N N
ek =) IfP/K* =) |fs,.|2/z | foy 1> = 2.
j=0 j=0 j=0
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Conversely, suppose that € 5y = A and let N + 1 be the dimension of H;,. By Theorem
1 the coherent states map

Ly M= PYO) x> [(fi(0), .0, fiy ()]

is a full holomorphic map and ¢E‘L. h).Qg s = wg. On the other hand wp is projectively
induced via the full holomorphic map

J M =PV (©) x> [(fagl), o fuy GO,

(see [7] for details). By Theorem 2 N = N',ie. dim Hp = dimF = N + 1. Moreover,
there exist an (N 4+ 1) x (N + 1) unitary matrix u;; and a complex number C such that
(10) holds, i.e. (-, -) = |C|*( -, - }x. and, by the proof of the first part, |C|> = A. o

Theorem 4. Let M be a simply connected complex manifold such that wg is Kihler—
Einstein with scalar curvature —1 and €(x p) is a positive constant, say A. Then K* =
A det(gj ) (see [1, p.274] for a discussion of this condition).

Proof. Let wp = (i/2) Z;‘ 7= & dzj A dzj be the expression of the Bergman form in
local coordinates (z3, ..., Z,). If wpg is Kdhler—Einstein then

i - i -
wp = Eaalog K* = Eaalogdet(gﬂ;) = ~Powp> an

where p,,, is the Ricci form on M (see [1])
This is equivalent to 99 log{K* /det(g )} = 0. It follows from the simply connectness
of M that there exists a holomorphic function k on M such that K*/det(g;;) = e"®.
Since €(k p) is constant if follows from Theorem 3 that dim H; = dim F = N +1. Then
itis not hard to see that s; := e*/2q; is a unitary basis for (Hp, (-, -)5), where (o, ..., &n)
is a unitary basis for (F, (-, -)). By formula (9) and by hypothesis €k ) = e"® = O
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