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Abstract 

We consider the quantization of a complex manifold endowed with the Bergman form following 
the ideas of Cahen, Gutt and Rawnsley. In particular we give a geometric interpretation for the 
quantization to be regular in terms of the Hilbert space of square integrable holomorphic n-forms 
on M and the Hilbert space of holomorphic n-forms on M bounded with respect to the Liouville 
element. 0 1999 Published by Elsevier Science B.V. All rights reserved. 
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1. Preliminaries 

A geometric quantization of a Ktiler manifold (M, w) is a pair (Z,, h), where L is a 
holomorphic line bundle over M and h is a hermitian structure on L such that curv(L , h) = 
-2niw. The curvature curv(L, h) is calculated with respect to the Chem connection. If 
c : U + L+ is a trivializing holomorphic section (where L+ denotes the complement of 
the zero section in L) then the following formula holds: 

curv(L, h) = -i3$ log h(cr(x), a(x)). (1) 

Let(q),..., SN) (N 5 00) be a unitary basis of the separable complex Hilbert space ‘Flh 
of all global holomorphic sections s of L, which are bounded with respect to the Liouville 
element defined by 
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(see [2-51). Define the smooth function on M by 

Assuming that for all x E M there exists s E tih such that S(X) is different from zero 
one can define the map 

c#la : u --+ cN+l \ {O) : x H 
so(x) SN 6) 
a(x>‘“’ -_) ’ a(x) ’ 

where CT : U + Lf is a trivializing holomorphic section on an open set U c M. It follows 
easily that (3) is the local expression of a globally defined map &L.h) : M + PN (C). This 
is called the coherent states map. 

Theorem 1 [2]. The coherent states map is full, i.e. r#~ (M) is not contained in P’(C) with 
r -C N. Furthermore 

Corollary 1. Let (L, h) be a quantization of a KZihler manifold (M, w). If E(L,h) is a 
positive constant, then w is projectively induced. 

Recall that a KShler form o on a complex manifold M is projectively induced if there 
exists N I cc and a holomorphic map 

4 : M -+ PN(@) 

such that 

In the proof of Theorem 3 we need 

(5) 

Theorem 2 (cf. [6]). Let N, N’ 5 00. Let M be a complex manifold, $J : M --+ PN (C) 

and + : M + PN’(C) fUl1 holomorphic maps such that r$*fiFS = $*s2$ is a Kiihler 
form on M. Then N = N’ and there exists a unitary transformation U of PN (C) such that 
C$=lJo$. 

2. The results 

Let M be an n-dimensional complex manifold and K its canonical bundle. If cr is a 
holomorphic section of K, i.e. a holomorphic n-form on M then in a complex coordinate 
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system U, endowed with local coordinates (~1, . . . , z,), there exists a holomorphic function 
f. such that 

a(z) = fo(z)dzi A...A dzn Vz E U. (6) 

Let (cro,... , aNl) (N’ 5 00) be a unitary basis for the separable complex Hilbert 
space (3, (., .)) of all holomorphic n-forms (II bounded with respect to ]]cx]]* = ((Y, a) := 
(i”/2n) lM cx A 5. Let K* be the smooth function on U given by 

N' 

K*(z, 2) = 1 f&(Z)foj(Z). 
j=O 

The expression a 3 log K * does not depend on the coordinates. Hence wg = (i/2x) a 2 log K * 
is a globally defined two-form on M. In the sequel we will suppose WB is a KWer form . 
For example this happens for the bounded domains in UZN (see [7] for details). 

Formula 

h(cx,cx) := !$ Vo E Ho(K) 

defines a hermitian structure on K and it is immediate to verify that the pair (K, h) is a 
geometric quamization for (M, WB). 

Furthermore it follows from (2) that 

E(K,~) = 2 Ifs, 1*/K*, (9) 
j=O 

wheresj = f,,dzir\...r\ dz,,, j=O,...,N,isaunitarybasisfor(‘Flh,(., .)h). 

Theorem 3. Let A4 be a complex manifold such that WB is a Kiihler form. Then E(K,h) 
equals a positive constant k if and only if the following conditions are satisijed: 
(i) the complex dimension of .F is equal to the complex dimension of tih; 

(ii) (., *) = h( . , . )h_ 

ProojI Suppose that dim?& = dimF = N + 1 and ( . , * )h = h(*, .>. Let oj and sj, 
j = O,l,. . . N, be unitary bases for (F, ( . , . >) and (‘Flh, ( . , . )h), respectively. Then 
there exist an (N + 1) x (N + 1) unitary matrix Ujk and a complex number C such that 

k=O 
j = 0,. . . , N, (10) 

and ICI* = h. Hence, by (9), 

'(K~h)=~l~jl*iX.=~~~jl*/~lf~~l*=~~ 
j=O j=O j=O 
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Conversely, suppose that E(K,~) = h and let N + 1 be the dimension of F&. By Theorem 
1 the coherent states map 

4(f,,h) : Jvf -+ ma=> : x * [(.fsO(~)~ . . . 3 fsn,(x))l 

is a full holomorphic map and 4&I,)D:s = og. On the other hand wg is projectively 
induced via the full holomorphic map 

j : M + PN’(@) : x t-+ [(fcq(x>, . . ., fDINl (XIII. 

(see [7] for details). By Theorem 2 N = N’, i.e. dirntih = dimF = N + 1. Moreover, 
there exist an (N + 1) x (N + 1) unitary matrix Ujk and a complex number C such that 

(10) holds, i.e. (., .> = lC12( . , . )h. and, by the proof of the first part, ICI2 = h. 0 

Theorem 4. Let M be a simply connected complex manifold such that @B is Kiihler- 
Einstein with scalar curvature -1 and e(k,h) is a positive constant, say h. Then K* = 
h det(gji) (see [7, p.2741 for a discussion of this condition). 

Proo$ Let wg = (i/2) xyk=, gji dzj A dF, be the expression of the Bergman form in 
local coordinates (~1, . . . , ~1). If 0~ is K&ler-Einstein then 

WB = &aSlOgK* = $a$logdet(gjk) = -Pea, (11) 

where pwg is the Ricci form on M (see [ 11) 
This is equivalent to a$ log{K*/det(gji)] = 0. It follows from the simply connectness 

of M that there exists a holomorphic function k on M such that K*/det(gji) = e”‘(k). 
Since E(K,h) is constant if follows from Theorem 3 that dim ‘Flh = dim F = N + 1. Then 

it is not hard to see that sj : = e k’2Ujisaunit~basisfor(lfh, (., .)h),where(aO, . . ..a~) 
is a unitary basis for (F, (9, .)). By formula (9) and by hypothesis E(K,h) = es(k) = h. 0 
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